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We report results of the numerical solution by the Euler method of the system of heat balance
equations written in recurrent form for the superconducting hot-electron bolometer (HEB) embedded
in an electrical circuit. By taking into account the dependence of the HEB resistance on the transport
current we have been able to calculate rigorously the RF heating efficiency, absorbed local oscillator
(LO) power and conversion gain of the HEB mixer. We show that the calculated conversion gain
is in excellent agreement with the experimental results, and that the substitution of the calculated
RF heating efficiency and absorbed LO power into the expressions for the conversion gain and noise
temperature given by the analytical small-signal model of the HEB yields excellent agreement with
the corresponding measured values.
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Investigations of terahertz superconducting hot-
electron bolometers (HEB) [1] are motivated by astro-
physics, in particular, by the fact that a half the radia-
tion and 98 % of the photons coming towards the Earth
lie in the terahertz range [2]. HEBs have proved to be
perfect mixers for terahertz astronomy and heterodyne
spectroscopy because of their excellent noise performance
and low local oscillator (LO) power requirement [3, 4]. At
the same time, an adequate understanding of the under-
lying physical mechanisms and a reasonable description
of the HEB mixer conversion gain and noise temperature
have not been reached yet [5, 6]. The key to explain
these main characteristics of the HEB is its RF heating
efficiency [5, 6].
Typically, an HEB is a rectangular bridge made of a
thin superconducting film deposited on a silicon sub-
strate and integrated with a normal-metal planar an-
tenna [7, 8]. The HEB is modeled by resistivity, elec-
tronic specific heat, thermal conductivity, temperature,
and other important physical quantities distributed along
the bridge [5, 6]. The behaviour of the HEB mixer at
the intermediate frequency (IF) is described by the “dis-
tributed model” (DM) [5, 6]. It is argued that the DM is
inconsistent [5, 6] i.e. for the bolometer resistance RHEB
and the absorbed RF power PsLO substitution of the cal-
culated RF heating efficiency
Crf =
dRHEB
dPsLO
(1)
into the analytical expressions for the conversion gain
and noise temperature [5, 6] produces results inconsistent
with the experiment [5, 6]. Although the RF heating ef-
ficiency of the HEB is the key parameter, there is no an
appropriate calculation approach within the known mod-
els [6] that would predict it. It is shown that to make the
DM capable of predicting the measured dependencies of
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the HEB conversion gain and noise temperature the value
of Crf has to be at least 3 times smaller than that given
by the DM [5, 6]. This problem has not been resolved
till now. Below we show how one can calculate Crf using
the DM.
We simulate the same superconducting HEB as was
simulated in the work of P.Khosropanah [5, 6] where the
HEB is considered as a NbN strip integrated with a pla-
nar antenna [7, 9, 10]. Since the diffusion is one of the
cooling channels [5, 6, 8, 11] of the superconducting HEB,
one does not consider it as a lumped element but splits it
in the model into the cells in order to consider the heat
flow in each cell separately (FIG. 1). In this approach
the energy is absorbed by electrons of the elementary
spatial cell and after thermalization of the electrons [12]
the heat flows to the neighboring cells via diffusion, and
to the phonons of the same spatial cell via the electron-
phonon interaction [13]. The power influx into the cell
is also possible from the neighboring cells and from the
Joule heating. A similar approach has already been con-
sidered [5, 6, 14] but for the case of the detailed balance
only. For the phonon subsystem of the HEB the power
influx comes from the electrons, while the power out-
flow is possible to the substrate, which plays the role
of a thermostat. The DM is governed by the system of
recurrent heat-balance equations similar to that for the
average-temperature models [15–17] but written for each
FIG. 1. Heat balance in the superconducting HEB. The
arrows denote heat flows for diffusion (between elementary
cells of electron subsystem), for electron-phonon cooling (from
electrons to phonons), and for non equilibrium phonons es-
cape to the substrate (from phonons to substrate).
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2elementary cell i (FIG. 1) and time tj in recurrent form:
Θi,j+1 ≈ Θi,j+
+ 1Ce(Θi,j)
(
I2HEBjR(I
HEB
j ,Θi,j)+
+PsLO(tj)− ω1(Θi,j , T pi,j)+
+ 12∆x [(κi,j + κi+1,j)(Θi+1,j −Θi,j)−−(κi−1,j + κi,j)(Θi,j −Θi−1,j)]) ∆t
T pi,j+1 ≈ T pi,j + (
ω1(Θi,j ,T
p
i,j)−ω2(Tpi,j ,Tb))
Cp(T
p
i,j)
∆t,
(2)
where Θ and Tp are the electronic and phonon tempera-
tures, respectively, Tb = 4.2K is the temperature of sub-
strate and antenna, IHEB is the HEB current, R is the cell
resistance, PsLO is the net absorbed power of the signal
and LO [3, 18], ω1 and ω2 are the functions describing the
heat flows from electrons to phonons and from phonons
to substrate, respectively [17], Ce and Cp are the elec-
tronic and phonon heat capacities, respectively [17], κ
is the electronic thermal conductivity per unit length,
∆x = xi+1 − xi is the cell length, ∆t = tj+1 − tj is the
small time interval (here i indexes position, and j indexes
time). The exact expressions for ω1(Θ, T p), ω2(T p, Tb),
Cp(T
p) are defined in the work of R.Nebosis [17]. The
Bardeen-Cooper-Schrieffer (BCS) theory [19] is used to
calculate Ce(Θ) and κ(Θ) expressions numerically (see,
e.g., section 3.6.3 of M.Tinkham’s book [20]). Calcula-
tion of R(IHEBj ,Θi,j) is discussed below.
The most important idea of this work is to solve the
electrical equations together with the heat-balance equa-
tions (2) numerically by the Euler method. This ap-
proach is simple in formulation that reduces the proba-
bility of a mistake. It automatically includes the electro-
thermal feedback [17] and does not require additional
suppositions to calculate the DC and RF heating effi-
ciencies [5, 6]. The electrical equations are deduced from
the same electrical circuit diagram of a practical HEB-
based receiver (FIG. 2) as explained by P.Khosropanah
and co-authors [5, 6]:
ILj+1 = I
L
j +
1
L
(Ubias − IHEBj RHEBj )∆t, (3)
Qj+1 = Qj + I
load
j ∆t (4)
I loadj+1 =
− 1CQj+1 + ILj+1RHEBj+1
Rload +RHEBj+1
(5)
FIG. 2. An equivalent circuit for the simulation of the super-
conducting HEB as a direct detector or a mixer in a receiver.
IHEBj+1 = I
L
j+1 − I loadj+1 (6)
In these equations Rload = 50 Ω is the impedance of the
IF-amplifier which plays the role of a matched load in
the circuit, Q is the charge of the capacitor C (FIG. 2)
with capacitance C = 1 nF, Ubias is the bias voltage, IL,
Iload, and IHEB are the currents of the inductor, load,
and HEB, respectively, L = 1µH is the inductance of the
inductor,
RHEBj =
∑
i
R(IHEBj ,Θi,j), (7)
R(IHEBj ,Θi,j) is the resistance of the elementary cell i.
In order to simulate such a circuit one needs the de-
pendence RHEB(Θ) to be theoretically predicted or mea-
sured for an HEB under the condition of a small current
IHEB  Ic (Ic is the critical current) and uniform Θ. If
Θ is uniform one can put R(Θ) = RHEB(Θ)/n for each
of n equal elementary cells. However, in the optimal op-
erating condition, the HEB is strongly biased, IHEB is
not small enough and one has to take into account the
dependence of the resistance of an elementary HEB cell
on the current [14]. A theoretical description of this de-
pendence is complicated by material properties, pinning
sites, inhomogeneities, granularity, and finite-size effects,
to name just a few, but this dependence can be described
empirically by the negative temperature shift [14]
∆Θj =
(
IHEBj
Ic
) 1
γ
Tc (8)
written for the critical current Ic, critical temperature
Tc, and the empirical constant γ = 0.54 [14]. In other
words, one has to replace the temperature value Θk in
each point k of the dependence RHEB(Θk) by Θk −∆Θj
where ∆Θj is calculated for each time step j.
The experimental basis of this work includes the
dependence RHEB(Θ) [5, 6] and NbN HEB dimen-
sions [5, 6]: a length of 0.4µm, a width of 4µm,
and a thickness of 5 nm. Ce is calculated with
the NbN electronic diffusion constant [11, 13, 21] of
0.45 cm2 s−1 [22]. The other properties of NbN included
into the model are the electron-phonon interaction time
τeph = 480psK1.6 Θ−1.6 [21], and the phonon heat ca-
pacity Cp = 9.8 × 10−6 J cm−3K−4 V T 3p where V is the
volume of the elementary cell [23].
For the Crf calculation the HEB model is driven by
absorbed power oscillating at frequency f given by the
expression [5, 6]
PsLO(t) = Ps + PLO + 2
√
PsPLO cos(2pift+ ϕ0), (9)
where Ps and PLO are the signal and local oscillator pow-
ers, respectively. The Ubias variable is put equal to the
experimental optimum value of 0.8mV [5, 6], and IHEB
is set to be close to the optimum value of 40µA [5, 6] by
adjustment of the PLO value.
3The system of equations (2),(3),(4),(5),(6) is solved
by the Euler method. For f = 2GHz the solution (re-
sponse) RHEB(t) is shown in FIG. 3 along with the impact
PsLO(t). As the impact and response at a frequency f are
harmonic functions, the RF heating efficiency of the HEB
at this frequency can be calculated as
C˘rf = R˘HEB/P˘sLO, (10)
where (from FIG. 3) P˘sLO ≈ 1.5 nW × eiϕ, and R˘HEB ≈
76mΩ× ei(ϕ−0.24pi) are complex amplitudes of the HEB
absorbed power and resistance, respectively. The RF
heating efficiency of the HEB at f = 2GHz is close to
51mΩ/nW× ei(−0.24pi). Solving the system of equations
(2),(3),(4),(5),(6) for other values of f and applying the
same reasoning one builds the frequency dependence of
RF heating efficiency (FIG. 4).
By averaging I2load it is also easy enough to extract
conversion gain from the model. The average power dis-
sipated in the load is Pload = RloadI2load and the HEB
mixer conversion gain is
η = Pload/Ps (11)
Applying the same procedure for different values of f , one
builds the frequency dependence of calculated conversion
gain (FIG. 4).
In the experimental work of P.Khosropanah [5, 6] the
noise temperature and conversion gain of the HEB were
measured at the IF of 1.5GHz adjusted by the output
YIG filter [6]. At this IF the calculated conversion gain
FIG. 3. Calculated HEB absorbed power (impact) and resis-
tance (response) dependencies on time t.
FIG. 4. Calculated HEB RF heating efficiency C˘rf, conversion
gain η versus frequency f and an experimental point corre-
sponding to the measured value of the conversion gain at the
optimum bias voltage of 0.8mV [5, 6]. The experimental point
is attributed to the output YIG filter [6] frequency of 1.5GHz.
is −10.7 dB (FIG. 4) while the measured value of the con-
version gain at bias voltage of 0.8mV (optimum operating
point) amounts to −10.4 dB [5, 6]. The agreement with
the experiment is excellent.
The key expression to investigate the validity of the
HEB mixer small signal model is that for the conversion
gain [5, 6, 24]:
ηa =
2IHEB
2
RloadC
2
rfPLO × ηc(1.5GHz)ηc|f→0(
RHEB +Rload
)2 (
1− CdcIHEB2Rload−RHEBRload+RHEB
)2 ,
(12)
where Cdc ≈ 320mΩ/nW [5, 6] is the heating efficiency
for the HEB mixer direct current, and ηc is the value
of the conversion gain (FIG. 4) calculated by the Eu-
ler method. Substitution of PLO = 743nW, RHEB =
0.8mV/40µA, and Crf|f→0 = 76mΩ/nW (FIG. 4) calcu-
lated by the Euler method into (12) yields the value of
ηa ≈ −8.6 dB which is 1.7 dB higher than the measured
value of the conversion gain.
One can conclude that the work of P.Khosropanah
and his co-authors [5, 6] does not compromise the dis-
tributed model of the superconducting HEB. The Eu-
ler method can be used to calculate the absorbed radia-
tion power, RF heating efficiency and conversion gain of
the superconducting HEB. The method applied in this
work is potentially applicable to calculating other main
characteristics e.g. the IF impedance or responsivity of
the superconducting HEB. In the suggested approach the
BCS theory is applied directly with no empirical approx-
imations of the electronic thermal conductivity and spe-
cific heat, while other key dependencies predicted theo-
retically or measured can easily be integrated with the
recurrent form of the differential equations controlling
the behavior of the HEB. This work confirms indirectly
the NbN electronic diffusion constant of 0.45 cm2/s [22]
extracted from the measurements of the second critical
magnetic field [21], as well as, the measured temperature
dependence of the electron-phonon interaction time [21].
The optimum RF heating efficiency of the NbN HEB
mixer with a length of 0.4µm, a width of 4µm, and a
thickness of 5 nm is close to 76mΩ/nW at the low inter-
mediate frequency.
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